Abstract-Owing to load variation and unmodeled dynamics, a robot manipulator can be classified as a nonlinear dynamic system with structured and unstructured uncertainties. In this paper, the stability and robustness of a class of the fuzzy logic control (FLC) is investigated and a robust FLC is proposed for a robot manipulator with uncertainties. In order to show the performance of the proposed control algorithm, computer simulations are carried out on a simple two-link robot manipulator.
I. INTRODUCTION
A robot manipulator is an uncertain nonlinear dynamic system which suffers from structured and unstructured uncertainties such as load variation, friction, and external disturbances etc. Therefore, in order to control the robot manipulator, it is necessary a control algorithm having simple computation and robustness to uncertainties.
On the other hand, it is known that fuzzy logic controllers (FLC's) have the programming capability of human control behavior and possess the robustness to uncertainties. Accordingly, there has been increasing efforts to introduce fuzzy set theory into the control of robot manipulators [1] , [2] . However, there is no definite stability/robustness analysis of the closed-loop system since FLC is often designed in a heuristic manner. Although such analysis is difficult, every endeavor to guarantee the performance of a fuzzy control system is valuable.
In this paper, it is intended to propose a robust FLC for robot manipulators with uncertainties, based on the stability analysis of FLC in [3] , which is motivated by the similarity between FLC and conventional robust variable structure control [4] , [5] . In addition to the stability analysis of FLC, the inherent properties of the Lagrange-Euler dynamics of robot manipulators are considered to design the FLC more efficiently. Since the FLC consists of simple and fast computational elements, it is appropriate for dynamic control of robot manipulators. In order to verify the fuzzy control algorithm, computer simulations are carried out on a simple two-link robot manipulator.
II. THE PROPOSED FUZZY CONTROL ALGORITHM
The Lagrange-Euler dynamics of an n-link robot manipulator can be described as 1 M M M()+ C C C(; _)_+ g g g() + 1 1 1 = ;; ;1 1
where M M M() 2 R n2n is an inertia matrix, C C C(; _)_2 R n represents centrifugal and Coriolis forces, and g g g() 2 R n is the vector of gravitational forces. And 1 1 1 represents unstructured uncertainties which is upper-bounded as j1ij 1max;i; i= 1;111;n: Publisher Item Identifier S 1083-4419(97)03886-7. 1 In the sequel, the bold and normal letters represent the vector and scalar quantities, respectively. 
is skew-symmetric [6] and
where is a constant vector of inertia parameters [7] and Y Y Y (; _;)
consists of known functions of the generalized coordinate. Using prior knowledge on the inertia parameters, the structured uncertainty and its upper bound can be represented as je;ij = j0;i 0 ij i; i= 1;2;111;p (4) where 0;i is the known nominal value of i and e;i denotes the structured uncertainty. For a bounded smooth trajectoryd , a tracking error is e e e =0d :
The FLC is shown in Fig. 1 of which control rules have so-called UNLP (Upper-diagonal-Negative, Lower-diagonal-Positive) pattern as tabulated in Table I . The physical meaning of the rules is as follows. For example, the control rule on the last element of Table  I means, "Although the system error is Positive Big, the controller output can be ZeRo if the derivative of error is Negative Big now." It is reasonable since the system error decreases by itself in that situation. From those physical meanings, these control rules are most frequently used in many fuzzy control algorithms [1] , [8] - [10] .
To describe the proposed FLC more precisely, all input/output fuzzy sets are assumed to be designed on the normalized space e n ; _ e n ; n 2 Table I , the following properties on the FLC can be inferred qualitatively in the error phase plane [5] . Generally speaking
1) The output is zero near a diagonal line, r = 0.
2) The output is negative above the diagonal line, r >0.
3) The output is positive below the diagonal line, r <0.
4) The magnitude of the output tends to increase in accordance with the distance between the diagonal line, r = 0; and the system state (e; _ e).
These properties imply the similarity between the FLC and a conventional variable structure controller. The following theorem describes the above properties more rigorously. 
where k f >k and r = _ e + e; = G e =G _ e > 0.
Proof: see Appendix A. The above theorem shows that the FLC with the UNLP rule pattern can be regarded as an extension of a variable structure controller. Additionally, if the mean values of the input/output fuzzy sets satisfy c ZRE = 0; c PSE = 0c NSE ; c PBE = 0c NBE = 1 (8.1) c ZRDE = 0; c PSDE = 0c NSDE ; c PBDE = 0c NBDE = 1 cPSE = cPSDE; cNSE = cNSDE (8.2) then the magnitudes of k and in Theorem 1 can be described by the design parameters of the FLC as follows. 
Proof: see Appendix B.
Here, in order to examine the magnitude of the boundary and k , it is assumed that the shapes of input and output fuzzy sets are triangular and singleton as shown in Fig. 2 . And the reasoning and defuzzification methods are max-min and center-of-gravity respectively since those are most frequently used in the design of an FLC.
From the above theorem, can be set arbitrarily by adjusting the design parameters of the FLC. Now, suppose that there exists FLC for each joint of the nlink manipulator. Hereafter, a parameter of each FLC is denoted by subscript i; i = 1; 111 ;n, e.g. r r r = _ e e e + 6 6 6e e e where 6 6 6 = diag[ i ]; i = Ge G_ e > 0; i= 1; 1 11;n (10) which is a vector of the error measure from (6.2) .
To analyze the robustness of the closed-loop system by exploiting the characterization, (9), of the FLC, (1) is transformed into (11) using (10) as
where [11] . Then, the following theorem describes the robustness of the fuzzy control system consisting of (11) In order to discuss the robustness of the closed-loop system, the ultimate boundedness of a dynamic system is useful which implies that, in spite of uncertainty, the state of a system enters eventually and remains in a small region near an equilibrium point in the state space. Thus it describes the robustness of the system to the uncertainty [12] . Proof: Inserting (12) into (11) makes the closed-loop system as
Then, (15) as in (17) where l = fijjrij <ig.
It should be noted that from the quadratic property of robot dynamics [13] 
where 0< <1 and 8 l = fkx x xkj min (1 0 )kx x xk 2 = i2l i (k 0;i + k 1;i kx x xk + k 2;i kx x xk 2 )g:
As a consequence of both cases i) and ii), _ V can be written as _ V 0 min kx x xk 2 ; if kx x xk 8
where 8 is the worst case value of 8 l in (22) with l = fij8i = 1;111;ng. Equation (23) implies the ultimate boundedness of the closed-loop system as defined in [12] . The Magnitude of 8 l in (22) is illustrated in Fig. 3 . The above theorem presents a systematic construction of a robust FLC from prior knowledge of the uncertainty.
III. SIMULATION RESULTS
The Lagrange-Euler dynamics of a simple two-link robot manipulator, shown in Fig. 4 , is represented by (24), shown at the bottom of the page, where G is the gravitational constant, Ci;Si;Cij; and Sij denote cosq i ;sinq i ; cos(q i + q j );sin(q i + q j );i;j = 1;2, respectively. As an unstructured uncertainty, 1 1 1, the bounded random noise as in (27.1) is injected intentionally. From the reparameterization of where s(t) = 0cos(=T)t and T = 2 s. The desired trajectory in the Cartesian space can be transformed into the desired trajectory in the joint space by the inverse Jacobian of the manipulator which is shown in Fig. 6(a) . The upper bounds on the tracking error are given by e 1 2:8 2 10 0 3(rad) and e 2 0:7 2 10 0 3(rad) as shown in Fig. 6(b) . The input torque of each joint are shown in Fig. 6(c) . The tracking results in the Cartesian space are depicted in Fig. 6(d) where the desired trajectory and the actual trajectory are represented by a dotted line and a solid line respectively. In the figures, the FLC shows a good tracking performance as analyzed using Theorem 3.
IV. CONCLUSION
There are various sources of uncertainties in the dynamics of robot manipulator such as load variation, friction, unmodeled dynamics, and external disturbances etc. Thus it is necessary a robust controller to overcome the uncertainties. Since FLC has been known to be robust to uncertainty, it is intended in this paper to design a robust FLC for dynamic control of uncertain robot manipulators. In order to give reliability to the fuzzy control system, the ultimate boundedness of the closed-loop control system is addressed by using the well-known robust control theory and inherent properties of robot dynamics. The analysis accounted for the relationship between the design parameters of the FLC and the tracking accuracy explicitly. Thus the tracking performance can be set arbitrarily by adjusting the design parameters of the FLC. The proposed FLC was verified by computer simulations on a simple two-link robot manipulator.
APPENDIX A PROOF OF THEOREM 1
The following properties on the mapping f (e; _ e) are obtained by considering the control rule table shown in Table I and the error measure, r = _ e + e; = G e =G _ e [5] .
1) f (e; _ e)jr=0 0.
2) f (e; _ e)j r>0 < 0 and f (e; _ e)j r<0 > 0.
3) j f (e; _ e)j / jrj. 
APPENDIX B PROOF OF THEOREM 2
The normalized error phase plane is shown in Fig. 8 which corresponds to the real error phase plane in Fig. 7(b) in Fig. 8 by bold lines, respectively, at which n;f (en; _ en) is given by n;f (e n ; _ e n ) = c NSK at r n = By applying similar arguments as the proof of Theorem 1, n;f (en; _ en) is written as n;f (e n ; _ e n ) < c NSK ; in r n > n n;f (en; _ en) > cPSK in rn < 0n
where n = maxfj 3 n j; j 0 3 n jg = 2c PSE as shown in Fig. 8 . In the region, C1 0 C2 0 D2 0 D1, the activated rules are If en is NBE and _ en is ZRDE; then n;f is P BK If e n is NBE and _ e n is P SDE; then n;f is P BK If en is NSE and _ en is ZRDE; then n;f is P SK If e n is NSE and _ e n is P SDE; then n;f is ZRK:
Since the consequent part of the rules (C.1) are P BK; P SK; and ZRK, the cog defuzzification gives According to dominant membership values, this region is divided into four subregions as shown in Fig. 9 . It is noted that, as a n;f (e n ; _ e n )j p = 3 + 3 c PSK :
Since it is minimum in the Region I, n;f > c PSK 8(e n ; _ e n ) 2 Region I holds and there is no point 0 3 n for k n; = c PSK in this region. which is depicted by bold line in Fig. 9 . c) Region II and Region IV:
By similar manner as a) and b), the locus of 0 3 n in these subregions can be obtained and it is shown in Fig. 9 also.
